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We study how the presence of obstacles in a confined system of monodisperse disks affects their
discharge through an aperture. The disks are driven by a horizontal conveyor belt that moves at
constant velocity. The mean packing fraction at the outlet decreases as the distance between the
obstacles and the aperture decreases. The obstacles organize the dynamics of the stagnant zones in
two characteristic behaviors, that differ mainly in the magnitude of the fluctuations of the fraction
of stagnant disks in the system. It is shown that the effective aperture is reduced by the presence
of obstacles.
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I. INTRODUCTION AND BACKGROUND

Granular flows through an aperture have been in-
tensely studied [1–12] due to their practical importance
to several industries (e.g. pharmaceutical, mining, agri-
culture) and disciplines (e.g. chemistry, physics, engi-
neering).
Depending on the ratio of the outlet size to the grains

size, three regimes can be observed for the discharge of a
silo through an orifice: a continuous flow, an intermittent
flow, or a complete blockage of the system due to arching
[13, 14].
In the jamming regime, the jamming probability has

been shown to be controlled by the ratio of the aper-
ture size to the grain diameter [14–18] and it has been
observed that the presence of an obstacle near the aper-
ture reduces the jamming probability near the outlet and
induces an increase in the flow rate [19–22]. Neverthe-
less, in the continuous regime, the influence of obstacles
on the discharge rate has not been thoroughly studied,
even if some works related to the discharge of silos, have
analyzed the influenced of inserts on the stress at the
silos’ walls and on inserts [23–29] and on flow pattern
[24, 25, 27, 30–33].
In particular, in the continuous-flow regime, gener-

ally observed for large outlets, the mass flow rate, W ,
is known to scale as A5/2, where A is the diameter of the
opening. This scaling, presented by Hagen in 1852 [34],
is generally known as Beverloo law [1, 10, 35]:

W = Cρ
√
g(A− kd)5/2 (1)

where ρ is the bulk density of the granular sample,
g the acceleration of gravity, and d the diameter of the
grains. The parameters k and C are empirical dimension-
less constants. It has been stated that the constant k ac-
counts for boundary effects at the aperture edges, which
leads to a boundary layer having a thickness of the or-
der of the size of the grains (the so-called empty annulus

effect [36]). Hence, an effective aperture, Aeff ≡ A− kd,

is to be considered instead of A. Mankoc et al. intro-
duced an exponential correction to Beverloo scaling to
accommodate the empirical law to the experimental ob-
servations [13].
The Beverloo relation thus points out a value Ac ≡ k d

of the aperture size A at which the flow rate is expected
to vanish. The value of k usually ranges from 1 to 3
depending on the grains and container properties [37].
Nevertheless, some works [13, 38] claim that the only
plausible value for k is 1. It should also be noted that
Sheldon and Durian [39] stated that k is just a fitting
parameter with no clear physical meaning as they found
clogging of the flow for apertures A > k d.
In a two-dimensional (2D) configuration one expects

Beverloo’s law to be: W = Cρ2D
√
g (A− k d)3/2 [35].

In many industrial applications granular materials are
transported horizontally, lying on conveyor belts [40] or
floating on the surface of flowing liquids [41–43]. Re-
cent works considered the discharge of a dense packing
of disks driven through an aperture by a conveyor belt
[44, 45] driven at a constant velocity V . For large aper-
tures (A/d ≥ 6), the flow-rate is continuous during the
discharge.
A critical conveyor belt velocity Vc, independent of the

size and mass of the disks, separates a low velocity regime
(V < Vc) where the flow rate is proportional to V and
A and a hight velocity regime (V > Vc) where the flow
rate is independent of V and proportional to (A− kd)3/2

[45, 46]. In this work, we present results obtained in the
low velocity regime where the mean exit velocity of the
grains < Vg >∼= V . The number of discharged disks N
depends linearly on time t giving a constant flow rate
Q ≡ dN/dt (i.e. the number N of disks flowing out per
unit time t) that obeys:

Q = C
( 4

πd2

)

V
(

A− k d
)

(2)

where k ≃ 2 and the constant C reduces to the pack-
ing fraction [44]. Indeed, πd2/4 is the surface area of
one disk so that C(4/πd2) is the number of grains per
unit surface which, multiplied by the belt velocity and
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by the size of the aperture, gives an estimate of the num-
ber of disks flowing out per unit time. Note that Eq. 2
is equivalent to the 2D Beverloo’s law in which the typi-
cal velocity

√
g Aeff , understood as the typical velocity of

the grains at the outlet, is replaced by the belt velocity V
because < Vg >∼= V . It predicts that the dimensionless
flow rate Q∗ ≡ Qd/V is independent of V and increases
linearly with the dimensionless aperture-size A/d. It is
interesting to note that this empirical law was demon-
strated to be valid for small apertures A/d < 6, even if
the system is likely to jam and deviations from linear-
ity might be expected [44]. Indeed, in 3D configurations,
a marked deviation from the 5/2 Beverloo’s scaling has
been observed for very small apertures [13]. Moreover,
previous works showed that, unlike fluid flows, granular
flows are not governed by pressure at the outlet, but by
the exit velocity of the grains [44, 45]. The latter does
not necessarily depend on the stress conditions in the
outlet region, as proven by the experimental fact that, in
gravity-driven systems, the typical velocity at the outlet
is
√
g A, independent of the pressure. These observations

were corroborated in vertical gravity-driven systems [47].
Also, it was observed [49] that at least, for a certain range
of conveyor belt velocity values V , the packing fraction
C had no influence in the grains’ velocities at the outlet,
but it does modify the flow rate Q.
In the present article, we study the discharge process of

mono-disperse plexiglass rings (disks) driven through an
aperture by a horizontal conveyor belt set at a constant
velocity. In particular, we analyze if the presence of an
obstacle or an array of obstacles has any type of influence
on the packing fraction evolution or on the grains veloc-
ities near the outlet, and if they induce variations on the
flow rate of grains driven by a horizontal conveyor belt
through an aperture. It should be noted that in this hor-
izontal system, as observed in previous works [44, 45, 49],
it is easier to analyze the role that different factors have
on the discharge process independently than the system
is driven at a constant velocity (horizontal) or if it is grav-
ity driven (vertical) as for example, corroborated in Perge
et al [47]. In fact, in the horizontal configuration, it is
easier to control initial conditions, and to measure grains
velocities and packing fraction throughout the whole dis-
charge process.

II. SETUP AND MEASUREMENT PROTOCOL

The granular material is composed of No = 800 plex-
iglass rings of thickness e = (2.00 ± 0.01) mm, internal
diameter d′ = (2.00 ± 0.01) mm, and external diameter
d = (4.00 ± 0.01) mm. In particular, the inner holes
of the rings are only used for detection purposes, during
the image treatment, which will be explained below. The
experimental setup (Fig. 1), similar to the one use in a
previous work [49], consists of a conveyor belt made of
black paper (width 110 mm = 27.5d, length 345 mm =
86.25d) above which a confining cardboard frame (inner

width 90 mm = 22.5d, length 200 mm = 50d) is main-
tained at a fixed position in the frame of the laboratory.
The cardboard frame provides smooth lateral walls. A
motor drives the belt at a constant velocity V .

FIG. 1. (a) Sketch of the experimental set-up. (b) Detail
of the outlet zone. The rectangle indicated the region where
the exit velocity and the packing fraction are measured. (c)
Scheme of the array of obstacles: it consists of equilateral
triangles with side of length a = 41±0.1 mm and five obstacles
attached at vertices remarked with dots. The arrow indicates
the direction of the flow.

Downstream, the confining frame exhibits, at the cen-
ter, a sharp aperture of width A. The aperture width can
be tuned up to 90 mm but we shall report data obtained
for a single width A = (41± 1) mm. The aperture size A
is about 10 times greater than the grain diameter d, so
that the condition insuring the continuous flow, A/d ≥ 6,
is satisfied [44].
The disks are imaged from top by means of a digi-

tal scanner (Canon, CanoScan LiDE 200) placed with its
screen facing the frame, i.e. upside down. In order to
focus on the top of the disks without mechanical contact
(space of about 1 mm between the scanner and the top
of the disks) and thus avoid friction between the disks
and the scanner window, the latter has been replaced by
a thinner one, leading to a total gap between the screen
and the conveyor belt of about egap ≃ 3 mm. The use of
a scanner has the advantage of avoiding optical aberra-
tions and makes it possible to obtain, for cheap, homo-
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geneously lighted images with a high resolution (12 pix-
els/mm, the disk diameter being thus of the order of 50
pixels).
Plexiglass disks are used as obstacles and are glued

on the scanners screen. In particular, obstacles have a
thickness of eobstacle = (1.00 ± 0.01) mm that ensures
that, when the scanner is flipped over the conveyor belt,
i.e. the frame, they do not make contact with it as the
total distance from the screen to the conveyor belt is of
about 3eobstacle. Obstacles are fixed, individually or or-
dered in an array, facing the center of the aperture and
at a distance L from the outlet. The distance L can take
six different values L = iD, with i = 1, 2, 3, 4, 5 or 6 and
is measured from the outlet to the border of the obstacle
facing the aperture with D = 2d. The granular pack-
ing might be prepared either with or without obstacles.
Experiments done without obstacles were used as a ref-
erence. In experiments with obstacles, they are placed in
one of the following configurations:

• One small plexiglass disk of diameter D = (8.00±
0.01) mm, i.e. D = 2d, and thickness e = (1.00 ±
0.01) mm at a distance L.

• One large plexiglass disk of diameter D′ = (12.00±
0.01) mm, i.e. D = 3d, and thickness e = (1.00 ±
0.01) mm at a distance L.

• Array of five small plexiglass disks ordered, as
shown in inset (c) of Fig. 1 in equilateral triangles
with sides of length (4.10± 0.01) cm which ensures
that the distance between disks, i.e. obstacles, is
larger or equal to 6d enabling a continuous flow
through them. The array is placed at a distance L
being the row with 3 obstacles the nearest to the
outlet.

Once one of the above configurations has been set, the
system might be prepared in one of the following two
initial conditions:

• Initial condition A: 800 grains (rings) are randomly
closed pack upstream from the obstacle or array of
obstacles (Fig. 2).

• Initial condition B: 800 grains (rings) are randomly
closed pack from the outlet and surrounding the
obstacle or obstacles in the array (Fig. 3).

In any of the cases mentioned above, disks are placed
over the conveyor belt and then the scanner, with the
obstacles in the chosen configuration, is placed upside
down over the belt. In particular, for studies with initial
condition B, disks were placed all over the belt except
where the obstacles were to be fitted once the scanner
is flipped in place. The latter is initially leaving a zone
without disks around the obstacles (Fig. 3).
Typical initial response of the system to the conveyor

belt motion can be seen on treated images at Fig. 2 and
Fig. 3 (right panels) where the modulus of initial veloc-
ity vector for each disk is presented for initial conditions

presented for images on the left panels. At the beginning
of the discharge process there is a transient (< 5 s) where
disks are arranging in wedge-like stagnant zones at each
side of the aperture as can be observed on right panels of
Fig. 3. In Sec. III D, the fraction of stagnant grains will
be studied for all systems but, it should be noted that
the mentioned transient will be left out of the analysis.

Ten experiments were made for each configuration and
each L value: 5 experiments with initial condition A and
5 experiments with initial condition B. In particular,
for systems without obstacles 5 experiments were done
with the only possible initial condition for this type of
packings, i.e. initial condition B.

After preparing the system, the discharge is then ini-
tiated by setting the belt velocity V to a fixed chosen
value. It fact, small fluctuations in setting the voltage
controlling the conveyor belt velocity led to experiments
where V = (11.5± 0.5) mm/s (V = 2.75 d/s).

During the discharge process in the continuous steady
regime, i.e. as long as grains fill a distance of 2D up-
stream of the outlet, the disks rearrange as the conveyor
belt slides beneath them until they reach the outlet where
they lose contact with neighbors and are set free from the
packing. As mentioned in Sec. I, a critical conveyor belt
velocity Vc, separates a low velocity regime (V < Vc)
where the flow rate is proportional to V and A and a
high velocity regime (V > Vc) where the flow rate is in-
dependent of V and proportional to (A− kd)3/2 [45, 46].
These different regimes appear from the competition be-
tween two characteristic time scales: the time needed for
a disk to stop on the belt after losing contact with packing
and the time it takes to reach the aperture. According
to Cordero and Pugnaloni [46], Vc = 0.92

√
g µ A. So,

considering a dynamic friction coefficient µ = 0.5, the
estimated critical velocity for this experimental system
(A ≈ 10d) is Vc ≈ 407 mm/s (V ≈ 102 d/s). Therefore,
being in the low velocity regime (V < Vc) we expect that
the mean exit velocity of the grains < Vg >∼= V and that
the flow rate Q will be proportional to the belt velocity as
describe by Eq. 2. The latter will be analyzed in sections
III A and III B.

The evolution of the discharge process is assessed by
repetitively moving the belt at the chosen constant ve-
locity V during a time interval dt = 0.1 s and by record-
ing an image from the scanner while the belt is at rest.
The conveyor belt color presents inhomogeneities (tex-
ture) that allows to apply a PIV in order measure its ve-
locity during the discharge process. For each experiment
the belt velocity V is characterized by the mean value of
the < V > evaluated with the first 50 consecutive images
of the discharge process.

For the present study, image analysis is used to deter-
mine the position of each grain inside the system dur-
ing the discharge process. Those measurements allow
to determine flow rate (Q) during the discharge pro-
cess, the packing fraction (C) evolution near the outlet
and the velocities of grains inside the confining frame
and in particular, near the outlet (exit velocity of grains
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(a) Small obstacle: L = D 

(b) Small obstacle: L = 6D 

(c) Large obstacle: L = D 

(d) Large obstacle: L = 6D 

(e) Array of obstacles: L = D 

(f) Array of obstacles: L = 6D 

FIG. 2. Panels at the right side- snapshot of granular packing
with initial condition A. (a) and (b): System with a small ob-
stacle placed at L = D and L = 6D respectively. (c) and (d)
System with a large obstacle placed at L = D and L = 6D
respectively. (e) and (f): System with an array of small obsta-
cles placed at L = D and L = 6D respectively. White arrows
indicate the direction of the conveyor belt motion. Panels at
the right side- left panel treated images showing the modulus
of initial velocity vector for each disk: the small circles pin-
point the position of each disks and its color indicates their
modulus of velocity. For all images at the right, the refer-
ence of colors is given in the right panel (f); velocities are in
d/s. Note that belt velocity V ≅ 2.75 d/s. In all panels, the
position of obstacles are indicated with a black ring.

Vg)(Fig. 1(b)). In each frame registered during a dis-
charge process is analyzed using the software ImageJ [48],
an intensity threshold is used to convert each image into
binary: white is assigned to the rings (grains) and black
is assigned to the background. Therefore, black disks at
the center of each grains are isolated from one another,
which makes it easy to detect them and to compute, for
each frame (time t):

• the number of grains remaining in the frame, Nin,
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(a) Small obstacle: L = D 

(b) Small obstacle: L = 6D 

(e) Array of obstacles: L = D 

(c) Large obstacle: L = D 

(d) Large obstacle: L = 6D 

(f) Array of obstacles: L = 6D 

FIG. 3. Panels at the left side- snapshot of granular packing
with initial condition B. (a) and (b) System with a small ob-
stacle placed at L = D and L = 6D respectively. (c) and (d)
System with a large obstacle placed at L = D and L = 6D
respectively. (e) and (f) System with an array of small obsta-
cles placed at L = D and L = 6D respectively. White arrows
indicate the direction of the conveyor belt motion. Panels at
the right side- left panel treated images showing the modulus
of initial velocity vector for each disk: the small circles pin-
point the position of each disks and its color indicates their
modulus of velocity. For all images at the right, the refer-
ence of colors is given in the right panel (f); velocities are in
d/s. Note that belt velocity V ≅ 2.75 d/s. In all panels, the
position of obstacles are indicated with a black ring.

or, equivalently, the number of disks that flowed
out the system at time t, N ≡ No − Nin. The
instantaneous flow-rate (averaged over dt = 0.1 s,
because of the acquisition rate) is defined as Q =
dN/dt;

• the position of grains remaining inside the confin-
ing frame which allows to determine its trajectories
and velocities as well as the packing fraction using
Voronoi tessellation.

In particular, packing fraction evolution is analyzed
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near the outlet. In a region of width A and thickness 2 d
upstream of the aperture (Fig. 1(b)), a Voronoi tessel-
lation is made, for each frame of the discharge process:

each grain j (with surface Sg = πd2

4
) allows to define a

packing fraction value Cj = Sg/SV in its Voronoi cell
of surface SV . Therefore, the packing fraction in the re-
gion of interest, can be characterized with the mean value
< C > of the different values Cj .
Concerning the measurement of the exit velocity of the

grains through the aperture, a mean value Vg, calculated
with velocities of disks inside a region near the outlet, is
obtained for each frame (time) registered during all the
discharge processes.
Another topic of interest is the ratio or fraction of stag-

nant grains Fs inside the confining frame at any given
time (frame), which requires measuring the number of
stagnant disks in relation to the total number of disks at
a given frame (time). The later is obtained by analyz-
ing how many disks have not move from one frame (i)
to the following one (i + 1), i.e. between two successive
frames. Therefore, with ImageJ [48], intensity of consec-
utive frames is averaged giving a resulting image where
disks that have moved are blurred and have a high ec-
centricity (ε) while stagnant disks have sharp edges and
ε < 0.1 which allows to clearly detect how many stag-
nant disk (Ns) were in frame i. It should be noted that
this method can detect motion of disks that have moved
3 pixels (less than 7% of its diameter) between frames
(∆t = 0.1 s), i.e. disks moving with Vg > 0.065 d/s are
not considered as stagnant particles.
The fraction of stagnant grains at a given time (frame

i) is Fs(i) = Ns/Ni, being Ni the total number of grains
(disks) in frame i.

III. EXPERIMENTAL RESULTS

The discharge process is analyzed during the continu-
ous steady regime, i.e. as long as grains fill a distance
of 2D upstream of the outlet. Also, experiments with
initial condition A, have a transient until the disks arrive
at the outlet, i.e. start flowing out of the system, and
this transient regime is discarded in the analysis.

A. Exit velocity

Exit velocity of disks through the aperture is measured
as explained in Sec. II, i.e. during the discharge process,
for each frame, a mean value Vg is obtained with veloc-
ities of disks near the outlet (Fig. 1(b)). In order to be
independent of variations in the tuning of the voltage
controlling the velocity of the conveyor belt in different
experiments, Vg is normalized with < V > that, as ex-
plained in Sec. II, is the mean value of the velocity of the
belt evaluated over the first 50 consecutive images of the
discharge process.

For each configuration, as mentioned in Sec. II, several
experiments were made and the evolution of Vnorm =
Vg/ < V > was obtained. A typical evolution of Vnorm

is shown in the insert of Fig. 4, in all cases velocities are
registered while there is a steady flow rate, i.e. while
grains fill a distance of 2D upstream of the outlet.
It can be noted that Vnorm oscillates around 1. For

each configuration, a mean value < Vnorm > was ob-
tained considering all the experiments regardless of their
initial condition and results are presented in Fig. 4. Ab-
solute errors are estimated with the standard deviation of
the set of data corresponding to each configuration and
they give relative percent errors less than 2% for almost
every case except for systems with an array or a big ob-
stacle placed at L = 3D where the relative percent errors
are less than 7.1%. Therefore, it can be stated that for
all configurations, < Vnorm >≅ 1 within the error bars,
indicating that grains are discharged through the outlet
with a mean velocity < V >, i.e. the velocity imposed
by the conveyor belt. The latter was already observed in
previous works [46, 49] and it is expected if velocity V is
low.

 

 

FIG. 4. Mean normalize velocity of the disks at the outlet
< Vnorm > for all configurations, i.e. without obstacles and
with obstacles (small single obstacle, large single obstacles
and array of small obstacles) placed at different distances L
from the outlet. Error bars correspond to the standard devi-
ation of the set of data corresponding to each configuration.
Inset: shows an example of the evolution of Vnorm during the
discharge process while in the steady regime, data correspond
to a system with one small obstacle placed at L = D.

B. Flow rate

Concerning the flow rate, it is observed that the num-
ber of grains that flows out the system, N as a function
of time t is linear (inset in Fig. 5), i.e. a constant flow
rate Q. It has been found that Q is not influenced by
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the initial condition. Therefore, for each configuration
a mean value < Q > was obtained considering all the
experiments, regardless of their initial condition.
Also, as already mentioned in the previous section and

also observed in previous works [46, 49], while the con-
veyor belt is driven at a low velocity V , it controls the
exit velocity of the grains during the discharge process.
As already mentioned, variations in the tuning of the
voltage of the motor would lead to fluctuations in the
mean velocity < V > that characterizes the belt velocity
and therefore the mean value of the velocity at which the
grains are discharged < Vg >. Therefore, in order to be
independent of the belt velocity, a dimensionless mean
flow rate < Q∗ >=< Q > d/ < V > is measured and
results are presented in Figs. 5 for all the configurations.
It can be observed that the flow rate increases with the
distance L and reaches an asymptotic value for obstacles
placed at L ≥ 5. It should be noted that for all con-
figurations, the flow rate is always lower than without
obstacles, indicating that the obstacles influence is still
present for all the configurations studied in this work.
Also, the size of the obstacles that were used does not
affect the flow rate but increasing the number of obsta-
cles (configuration with obstacles in an array) slightly
diminishes the flow rate when placed near the outlet.

 

FIG. 5. Dimensionless mean flow rate < Q∗ >=< Q > d/ <
V > for all configurations, i.e. without obstacles and with
obstacles (small single obstacle, large single obstacles and ar-
ray of small obstacles) placed at different distances L from
the outlet. Error bars correspond to the standard deviation
of the set of data corresponding to each configuration and
correspond to a relative percent error of approximately 3%.
Dashed line corresponds to < Q∗ > obtained in a packing
without obstacles and it is placed for the purpose of compar-
ison

C. Packing fraction

It has been observed in a previous work that the flow
rate is influenced by the packing fraction C near the

outlet [49]. Therefore, we measure the packing fraction
upstream of the aperture (Sec. II and Fig. 1(b)) during
the steady regime of the discharge process. It has been
found that C is not influenced by the initial condition
and that during the discharge process it presents small
oscillations around a constant value that depends on the
configuration of obstacles. Therefore, for each configura-
tion a mean value < C > was obtained considering all
the experiments regardless of their initial condition and
results are presented in Fig. 6. Absolute errors are es-
timated with the standard deviation of the set of data
corresponding to each configuration and they give rela-
tive percent errors less than 5% for any case, being the
largest (4.5±0.2)% for configurations of obstacles placed
at L = D. It can be observed that < C > increases
with the obstacles distance L to the exit and reaches an
asymptotic value for obstacles placed at L ≥ 4. Since the
flow rate is proportional to C (Eq. 2) and considering re-
sults in Sec. III B and Fig. 5, it was expected that the
packing fraction for systems without obstacles will also
be higher than in packings with obstacles for L ≥ 5, but
a different behavior is observed in Fig. 6: the discharge of
granular packings in the presence of obstacles might reach
a higher packing fraction at the outlet than the system
without obstacles, indicating that the effective aperture
size Aeff ≡ A − kd and therefore k are affected by the
presence of obstacles. It should be noted that, with or
without obstacles, the mean packing fraction asymptotic
value Casim is slightly larger than the packing fraction
corresponding to random dense packings, i.e. 0.82 [50],
indicating the presence of ordered clusters (hexagonal or-
dered disks have a packing fraction of approximately 0.91
[50]).

 

FIG. 6. Mean packing fraction < C > in the outlet region for
all configurations, i.e. without obstacles and with obstacles
(small single obstacle, large single obstacles and array of small
obstacles) placed at different distances L from the outlet. Er-
ror bars correspond to the standard deviation of the set of
data corresponding to each configuration. Dashed line corre-
sponds to < C > obtained in a packing without obstacles and
it is placed for the purpose of comparison.
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D. Fraction of stagnant grains

During the discharge of packings without obstacles,
disks are retained at each side of the outlet forming
wedge-like stagnant regions that enhance the presence of
stalled disks that stack in ordered arrays along the lateral
walls; we will refer to both zones (wedge-like and lateral
ordered region) as extended lateral stagnant zones. Par-
ticles in the wedge-like zones are not permanently stalled
since they are slowly displaced by those moving upstream
of the wedges. Eventually, when only disks in the stag-
nant zone are remaining inside the system, they are also
slowly driven out through the outlet by the motion of the
conveyor belt but, being the system in the non-steady
regime, i.e. not constant flow rate, data from this last
part of the discharge process will not be considered. It
should be noted that at the beginning of the discharge
there is a transient (< 5 s) where disks are arranging
in the wedge-like stagnant zones, and this transient will
also be left out of the analysis.
It is expected that the presence of obstacles will mod-

ify the number of particles that get stalled in the sys-
tem during the discharge process. Effectively, in systems
with obstacles, apart from the wedge-like stagnant zones
at each side of the outlet and the ordered disks stalled
along the lateral walls (examples can be observed in right
panels of Fig. 3), disks are also stuck behind the obsta-
cles though not permanently as eventually they will be
replaced by ones moving upstream from each obstacle (an
example can be observed in right panels of Fig. 13).
The ratio or fraction of stagnant grains Fs inside the

confining frame is analyzed during the discharge process
for all configurations. As mentioned in Sec. II, Fs is de-
fine as Fs(i) = Ns/Ni, being Ns the number of stagnant
disks and Ni the total number of disks remaining in the
packing at a given time (frame i). Fs presents two dif-
ferent types of behaviors in the steady regime, i.e. while
the flow rate is constant:

• Type I: Fs presents large fluctuations, which nev-
ertheless, allows us to define a mean value Fmean

s

after the transient where the wedge-like stagnant
zomes are formed and while in the steady flow rate
regime. Fmean

s is used to characterize these dis-
charge processes. An example is showed in the top
panel of Fig. 7.

• Type II: Fs presents a linear increase with small
fluctuations around a linear trend, that might be
fitted with a slope Ss and an intercept Is, which
are used to characterize these discharge processes.
An example is shown in the bottom panel of Fig. 7.
In some cases, before the linear behavior appears a
transient with large fluctuations, similar to type I,
might be observed.

On the one hand, experiments showing type I behavior
present 50% of their fluctuations that are larger than 15%
of Fmean

s . On the other hand, experiments showing type

II behavior present 50% of their fluctuations with respect
the fitted line that are 10% smaller than the fitted values.
The clear difference in the size of fluctuations allows dis-
tinguishing and classifying experiments presenting type
I behavior from those with type II behavior.

 
 

 
 

(a) Type I behavior 

(b) Type II behavior 

FIG. 7. Examples of the evolution of the stagnant fraction
Fs are presented for type I behavior (top panel (a)) corre-
sponding to the discharge in the presence of a small obstacle
placed at L = D, and type II behavior. Inset: Variation
of the number of stagnant particles Ns during the discharge
process. (bottom panel (b)) corresponding to the discharge
in the presence of an array of obstacles placed at L = 5D.
Insets: Left: Variation of the number of stagnant particles
Ns during the discharge process. Right: Zoom of the inset at
the left with tendency line.

Large fluctuations of Fs can be related to important
variations in the size of the lateral ordered zones that
are strongly affected by the presence of obstacles. On
the one hand, if obstacles are placed near the outlet they
affect these lateral zones by producing fluctuations in the
wedge-like zones that propagate upstream to these lateral
zones. On the other hand, if obstacles are further away
from the outlet, they induce lateral flows that perturb
these lateral stagnant zones.

It should be reminded that Ni decreases linearly dur-
ing the discharge process while being in the steady regime
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and therefore, type I behavior can be associated to a de-
crease in the number of stagnant disks (see inset of panel
(a) of Fig. 7) caused by the presence of obstacles that,
despite the large fluctuations, are in average reducing the
size of the stagnant zones, specially the so called extended

lateral stagnant zones.
On the other hand, type II behavior during the dis-

charge process is due to the presence of stagnant zones
covering a total mean area, that during a short transient
increases or remains approximately constant and then
decreases (see inset of panel (b) of Fig. 7). In order to
observe the linear increase in Fs, during the discharge
the number of stagnant disks (Ns) should be decreasing
slower than the disks remaining in the system (Ni), i.e.
Ns can be assume as approximately constant. The short
transient, which is absent in some experiments, is due to
perturbations induced by obstacles in the extended lateral

stagnant zones, i.e. presents a type I behavior.
Fig. 8 shows the percentage of experiments, for each

configuration, showing type I behavior. It should be
noted that the percentage of experiments with type II
behavior is the complement of the data shown in Fig. 8.
Concerning experiments without obstacles, all of them
presented a type I behavior indicating that the extended

lateral stagnant zones are being eroded during the dis-
charge process.

 

FIG. 8. Percentage of experiments, for each configuration,
showing type I behavior. Dashed line corresponds to the per-
centage of experiments obtained in a packing without obsta-
cles and it is placed for the purpose of comparison.

For experiments with obstacles, in all configurations,
the proportion of type I behavior experiments decreases
as the obstacles are displaced at large distances from the
outlet. Effectively, the presence of obstacles enhances
the erosion of the extended lateral stagnant zones and
in particular the stagnant wedges because, during the
discharge process, they are redirecting the flow to these
stagnant zones.
In fact, on the one hand, for an array of obstacles at

L = 1D, all the experiments presented a decrease of the
extended lateral stagnant zones during the discharge, i.e.

type I behavior, and this behavior completely disappears
when the array is placed at L ≥ 5D.

On the other hand, in systems with a single obstacle,
there is larger probability that systems with the smaller
obstacle at L < 3D get the stagnant wedges eroded due
to a larger gap between the obstacle and the stagnant
zone that enhances erosion because it facilitates the dis-
placement of disk into these regions. Nevertheless, as is
shown below (Fig. 9), once the flow has been redirected
near the stagnant zones, a larger erosion (less number
of stalled disks) takes place in the presence of a larger
obstacle. As mentioned, perturbations of the stagnant
wedges will affect all the extended lateral stagnant zones.

On the contrary, smaller obstacles placed at L > 3D
are less effective in producing a decrease of the stag-
nant zones and therefore type I behavior is less probable
(< 50%). It can also be observed that the largest obsta-
cle needs to be placed farther away from the outlet in or-
der to lose effectiveness in decreasing the stagnant zones
(type I behavior), in fact, type I behavior is less probable
than type II when the obstacle is as far as L > 5D.

Finally, an interesting fact to be noticed in Fig. 8 is
that, as L increases, Fs does not behave like in the ab-
sence of obstacles, showing that the presence of obstacles
still affects the flow even if they are situated far from the
aperture. This counter intuitive result may be due to the
influence of flow confinement.

1. Type I behavior

Each experiment showing type I behavior can be char-
acterized by Fmean

s and mean values < Fs > taken for
each type of configuration are presented in Fig. 9. It
should be noted that systems with an array of obstacles
placed at L = D, present a fraction Fs that behaves as in
packing without obstacles: all the experiments present a
type I behavior and the average value < Fs > is similar.
The latter might be explained considering that obstacles
near the wedge-like stagnant zones (see Fig 2) are right
next to the wall and are not affecting the erosion of the
wedges and obstacles in the second row seems to com-
pensate the erosion produced by the central obstacle in
the first row facing the aperture. Otherwise, experiments
without obstacles show, in average, a proportion of stag-
nant disks (24±9)% larger than in systems with obstacles
with type I behavior, indicating that obstacles are modi-
fying boundary conditions that are mostly enhancing the
erosion of the wedge-like stagnant zones. Even if placed
far from the outlet, they are decreasing < Fs > by di-
minishing the ordered stagnant regions besides the lateral
walls and therefore, the whole extended lateral stagnant

zones. As already mentioned, it should be noted that the
discharge of packing with a single large obstacle presents
the smallest < Fs > (largest erosion).
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FIG. 9. Average < Fs > for each type of configuration pre-
senting type I behavior. Dashed line corresponds to the av-
erage value < Fs > obtained in experiments in a packing
without obstacles and it is placed for the purpose of compar-
ison.

2. Type II behavior

Systems where the fraction of stagnant disks, Fs,
present, at some point of the discharge process, a linear
increase (type II behavior) can be characterized with the
slope Ss and the intercept Is obtained by a least squares
regression method. The intercept Is indicates a mean
value of the stagnant fraction when the linear regime be-
gins. As can be observed in Fig. 10, its value is equally
affected by the presence and position of obstacles, so all
configurations can be characterized with a mean value of
< Is >= 0.19±0.04. Values of the slope Ss, for all config-
uration, are presented in Fig. 11. The value of the slope
Ss is approximately the same for every configuration with
obstacles placed at a given L value. In particular Ss in-
creases with L up to L ≤ 3D then an asymptotic value,
< Ss >= (0.016± 0.002)s−1, is reached.

FIG. 10. Average value of the intercept < Is >, obtained
from the linear least square fit of Fs as a function of time, for
each type of configuration presenting type II behavior.

FIG. 11. Average value of the slope < Ss >, obtained from
the linear least square fit of Fs as a function of time, for each
type of configuration presenting type II behavior.

IV. DISCUSSION AND CONCLUSIONS

In this work, we have analyzed the discharge process
of a two-dimensional packing of monodisperse disks in
the presence of different configurations: a single obstacle
(big and small) or an array of obstacles placed in front
of the outlet at different distances.
The flow rate described with Eq. 2, indicates that flow

rate is not only proportional to packing fraction but also
to (A − kd), where k, as discussed in Sec. I, can be in-
terpreted as a fitting parameter that leads to an effective
aperture Aeff = A − kd influenced by boundary effects.
Results obtained in Sec. III indicate that boundary con-
dition at the outlet is influenced by the presence of obsta-
cles. Moreover, the fact that for systems with obstacles,
the asymptotic value < Q∗ > is below the one obtained
in systems without obstacles while the asymptotic value
for < C > is above, indicates that Aeff varies for different
configurations and therefore, mean values for the effec-
tive aperture < Aeff >= πd2 < Q > /(4 < V >< C >)
were obtained for all configurations. This effective aper-
ture can be expressed in terms of the particles diam-
eter d, and Fig. 12 definitely shows that the presence
of obstacles affect boundary conditions and < Aeff/d >
is smaller than in systems without obstacles where <
Aeff/d >= 9.6 ± 0.4, slightly smaller than the real aper-
ture A/d = 10.3± 0.3. It is also observed that an array
of obstacles has a stronger influence up to L = 4D where
a constant value, slightly smaller than in other systems,
is reached. For configurations with a single obstacle a
constant < Aeff/d > value is reached for L ≥ 2D. The
inset in Fig. 12 shows that < k >= (< Aeff > −A)/d
reaches an asymptotic maximum value for the array of
obstacles and for single obstacles that are, respectively,
50%, 250% and 300% larger than the value of the system
without obstacles where < k >= 0.5 ± 0.2. It should
be noted that, if k is not taken just as a fitting parame-
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ter [39], an increase of 300% of k, even if it seems large,
indicates that the aperture is reduced in approximately
1.5 disk diameter d with respect to the situation without
obstacles and decreasing the flow rate in approximately 2
disks per second which is the observed variation in < Q >
(Sec. III B). This decrease in real aperture, for obstacles
near the outlet, can be explained with the low packing
fraction regions that appear downstream (in front) of the
obstacles and that are affecting boundary conditions at
the outlet.

 

FIG. 12. Average effective aperture < Aeff > for all configu-
rations, i.e. without obstacles and with obstacles (small single
obstacle, large single obstacles and array of small obstacles)
placed at different distances L from the outlet. Dashed line
corresponds to < Aeff > obtained in a packing without ob-
stacles and it is placed for the purpose of comparison. Inset:
show the average < k > for all configurations.

Concerning the flow rate, it has been found to be al-
ways smaller than the one in the absence of obstacles and
it is strongly influenced when obstacles are placed very
near the outlet at L = D. As can be seen in Fig. 13,
disks flow bordering the obstacle facing the outlet, i.e.
centered obstacle, and are discharge as if by two smaller
apertures (indicated with two dashed segments over the
left panel image (a) of Fig. 13). The size of these two
smaller slots is l ≈ 5d for small or large obstacles. It
should be noted that disks coming from different sides of
the obstacle do not interact and produce a low packing
fraction zone (Fig. 6). In fact, in the limit of L = 0, a
single small (large) obstacles will split the outlet into two
smaller apertures of size l/d = 4 (l/d = 2.5). Although
this experimental configuration was not explored, it is ex-
pected to lead to a strong decrease of the flow rate with
respect to a system without obstacles and to increase
the probability of blockage or jamming at the outlet. In
particular, the mentioned splitting of the outlet in two
smaller slots, should be considered in understanding the
decrease of Aeff and < C > observed for small L values
(Fig. 12).
The following observations have been made in config-

urations placed at L = D:

• With a small obstacle: several times during the
discharge process, the jet of disks flowing through
the outlet splits in two smaller ones which latter
merge. Splitting and merging can be explained by
two competing factor. On the one side, there is
a tendency of the system to transitory jam at the
smaller slots which will lead to splitting (panels (d)
of Fig. 13). On the other side, disks from each
side of the obstacle tend to accumulate in front of
the obstacle filling the empty area between the two
lateral jets which leads to their merging.

• With a big obstacle: the empty area in front the
obstacle separating the lateral jets is larger, there-
fore it is rare to observe merging of the flow coming
from smaller slots, because there is not enough ac-
cumulation of disks in that zone.

• With an array of obstacles: merging of the flow
coming from smaller slots has not been observed.
The latter might be understood considering that
the two obstacles that are upstream from the cen-
tered one induce, downstream, low packing fraction
zones that lead to a smaller flow rate through the
lateral slots and therefore, there is no enough ac-
cumulation of disks to produce the merging of the
flow.

In general, after a transient of a few seconds, the
splitting disappears in systems with a single obstacle at
L ≥ 2D and with an array of particles at L ≥ 3D. In
particular, a detail analysis of the mentioned transient is
beyond the scope of this work, but we observed that dur-
ing the transient, the jets of disks coming from the side
of the obstacle facing the outlet, successively merge and
split until a stable single front of disks exits the system
through the aperture of the box.

Finally, variations of the stagnant fraction during the
discharge process are mainly due to modifications of the
wedge stagnant zones affected by the presence of ob-
stacles but, are not directly influenced by the particles
stalled behind the obstacles.

In summary, the flow rate and the packing fraction
in the outlet region of a discharging 2D silo have been
simultaneously measured in the presence of a single ob-
stacle or an array of obstacles. It has been found that
obstacles are mainly affecting the boundary condition at
the outlet even if placed at the largest studied distance
L = 6D. Therefore, obstacles induce a decrease of the
effective aperture, the flow rate and the packing fraction
at the outlet for L ≤ 4D while an increase in packing
fraction is observed for larger L values. The later might
be explained by considering that systems with obstacles
present smaller stagnant fraction values which are mainly
due to the reduction of the wedge-stagnant zones and
therefore, more mobile disks are arriving at an effective
smaller outlet which induces an increase of the packing
fractions at the outlet for L > 4D.
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In many practical situations silos are used to store
grain and it has been proposed the use of inserts to mod-
ify the type of flow (from mass to funnel) and avoid block-
ages. In particular, there are several works that analyze
the influenced of inserts on the stress at the silos’ walls
and on inserts [23–29] and on flow pattern [24, 25, 27, 30–
33], but there are not too many that study how the place-
ment of an insert too near or too far from the outlet
might affect the discharge rate [51–53], this work is ex-
pected to provide knowledge on the flow rate of disks
in the presence of obstacles, while in the continuum and
steady discharge regime and on how stagnant zones affect

boundary conditions at the outlet.
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(f) t = 14.4s 

(e) t = 12.4s 

(d) t = 9.5s 

(c) t = 4s 

(b) t = 3s 

(a) t = 0s 

FIG. 13. Panels at the left side- snapshots taken during the
discharge process in a system with a small obstacle placed at
L = D. (a) and (f)- The obstacle splits the outlet in two
smaller slots whose position is highlighted with dashed lines
in image in left panel (a). (b)- The jet of discharged disks
is splited. (c) and (e)- There is small probability for split
jets to merge. (d) transient arches that form at the smaller
slots produce a splitting of the discharge jet. Black arrow on
the left panel (a) indicate the direction of the conveyor belt
motion. Panels at the right side- left panel treated images
showing the modulus of the velocity vector for each disk: the
small circles pinpoint the position of each disks and its color
indicates their modulus of velocity. For all images at the right,
the reference of colors is given in the right panel (f); velocities
are in d/s. Note that belt velocity V ≅ 2.75 d/s. In all panels,
the position of obstacles are indicated with a black ring.


